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Abstract 

We obtain BPS Z2 monopole solutions in Yang-Mills-Higgs theories with the 
gauge group SU{n) broken to Spin{n)/Z2 by a scalar field in the n®n representa- 
tion. We show that the magnetic weights of the so-called fundamental Z2 monopoles 
correspond to the weights of the defining representation of the dual algebra so(n)^, 
and the masses of the non-fundamental BPS Z2 monopoles are equal to the sum of 
the masses of the constituent fundamental monopoles. We also show that the vacua 
responsible for the existence of these Z2 monopole are present in the Higgs branch 
of a class of = 2 SU{n) superconformal field theories. We analyze some dualities 
these monopoles may satisfy. 
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1 Introduction 



Electromagnetic duality in Yang-Mills-Higgs theories was initially proposed by Goddard, 
Nuyts, and Olive (GNO) [1] in gauge theories with gauge group G spontaneously broken 
to by a scalar field in an arbitrary representation, in such a way that ti2{G/Gq) 
is nontrivial, which allows the existence of monopoles solutions. Soon after, Montonen 
and Olive (MO) duality was proposed [2] considering a theory with gauge group SU{2) 
spontaneously broken to U{1) by a scalar field in the adjoint representation. Since then, 
monopole's solutions and the electromagnetic duality has been studied mainly when the 
scalar field responsible for the symmetry breaking is in the adjoint representation. In 
this case, the unbroken gauge group Go necessarily has a U{1) factor which guarantees 
that i^2{G/Gq) = Z and the theory can have monopole solutions which we shall call Z 
monopoles. On the other hand, much less is known when Go is semisimple and therefore 
necessarily can not be in the adjoint representation. In these nontrivial 7r2(G/Go) 

will be a cychc group Z„ or a product of cyclic groups and the monopoles are called Z„ 
monopoles. Therefore, Z„ monopoles are relevant for GNO duality when Go semisimple, 
which had renewed interest in the geometric Langlands program [3]. These Z„ monopoles 
were analyzed for example in [T]P]|f5] and more recently in [6]. 

One of the main motivations for the study of monopoles and electromagnetic dualities 
is their possible application to the problem of confinement in QCD. Following the ideas of 
't Hooft and Mandelstam, the formation of chromoelectric fiux tubes in QCD must be due 
to a monopole condensate. However it is not yet clear if these monopoles are Z monopoles, 
Z„ monopoles, or Dirac monopoles. In the last years, the ideas of 't Hooft and Mandelstam 
were applied to supersymmetric non-Abelian theories with Z monopoles. In particular in 
[7] [8] it was analyzed the confinement of Z monopoles by the formation of magnetic flux 
tubes or Z„ strings in soft broken A/" = 4 super Yang-Mills theories with an arbitrary simple 
gauge group. It was shown that the tensions of these Z„ strings satisfy the Casimir scaling 
law in the BPS limit, which is believed to be the behavior that the chromoelectric flux 
tubes in QCD must satisfy [9]. This result indicates that these Z„ strings can be dual to 
QCD chromoelectric strings. 

In order to understand the properties of the Z„ monopoles, in [6] we obtained explicitly 
the asymptotic form of the Z2 monopoles in SU{n) Yang-Mills-Higgs theories with the 
gauge group broken to Spin{n) /'L2 by a scalar in the n®n representation of SU{n) or its 
symmetric part. In order to obtain these asymptotic forms we generalized the construction 
in [1] using the fact that the magnetic weights of the monopoles in this theory must belong 
to the cosets A/j(S'pm(n)^) or + AR{Spin{ny) corresponding to the two topological 
sectors associated to the group Z2. It is important to note that a Z2 monopole is not its 
own antiparticle and the fact that Z2 monopoles are associated to Z2 topological sectors 
does not imply that they carry non-additive magnetic charges as we will explain in sections 
2 and 3. We constructed the monopole solutions considering two symmetry breakings of 
the algebra su{n) to so{n): one in which so{n) is invariant under outer automorphism and 
another in which it is invariant under Cartan automorphism. In both cases we associated a 
su{2) subalgebra, subject to some constraints, to each weight of the deflning representation 
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of the dual algebra so{ny and constructed explicitly the Z2 monopoles called fundamental 
monopoles. Using linear combinations of the generators of these su{2) subalgebras we 
were able to construct other su{2) subalgebras and the corresponding Z2 monopoles called 
non-fundamental. 

In this paper we write the vacuum solution and the asymptotic forms for the Z2 
monopoles in terms of singlets and triplets with respect to the corresponding su{2) subalge- 
bras. We calculate the masses for the BPS monopoles and obtained that the fundamental 
BPS Z2 monopoles have same masses equal to Airv/e, where v is the norm of the Higgs 
vacuum. On the other hand, the masses of the non-fundamental Z2 monopoles are the 
sum of the masses of the constituent fundamental monopoles which is consistent with the 
interpretation that the non-fundamental monopoles should be multimonopoles composed 
of non-interacting fundamental monopoles, similarly to what happens for the Z monopoles 

m- 

Exact electromagnetic duality is expected to happen in superconformal theories (SCFTs), 
with vanishing /3 function, like J\f = 4 Super Yang-Mills theories[Tl], M = 2 SU{2) Super 
Yang-Mills theories with Np = 4 flavors [12], etc. More recently, with the works [T3] |14j. 
there was some renew interest with the study of dualities in SCFTs. The Z2 monopoles 
can not exist in A/" = 4 Super Yang-Mills theories, where all scalars are in the adjoint 
representation. Therefore, in order to analyze some possible dualities that Z2 monopoles 
may satisfy in SCFTs, we consider M = 2 SU{n) super Yang-Mills theories with a hy- 
permultiplet in the n ® n representation, which has vanishing /3 function and which we 
will denote by A/" = 2' SCFTs. We showed that its potential accept the vacua solutions 
discussed in the previous sections. These vacua correspond to certain points of the Higgs 
branch where the Z2 monopoles can exist. That is different from the Coulomb branch 
where the gauge symmetry is generically broken broken to the maximal torus U{lY (or 
to X f/(l) in some specific points) and there are Z monopoles/ dyons everywhere on the 
Coulomb branch. It is interesting to note that the BPS equations for the Z2 monopoles 
does not result on vanishing of any supercharges. Therefore, even the BPS Z2 monopoles 
satisfying the first order BPS equations are in long M = 2 massive supermultiplets, like 
the massive gauge fields in this theory. We also showed that this M = 2! SCFT can have 
an Abelian Coulomb phase with Z2 monopoles and Z monopoles. From the results we 
obtained, we discussed some possible dualities the Z2 monopoles may satisfy. 

This paper is organized as follows: we start in Sec. 2 giving a short review of our 
generalized construction of spherically symmetric Z„ monopole's asymptotic forms. Then, 
in Sec. 3 we obtained explicitly the asymptotic form of the Z2 monopoles in SU{n) Yang- 
Mills-Higgs theories with the gauge group broken to Spin{n) by a scalar in the n®n 
representation. We consider two vacua configurations which break su{n) to so{n) where for 
the first configuration so{n) is invariant under Cartan automorphism and for the second 
configuration it is invariant under outer automorphism. In Sec. 4 we calculate the BPS 
masses for the fundamental and non-fundamental Z2 monopoles. In Sec. 5, we show that 
the vacua responsible for the breaking SU{n) to Spin{n)/Z2 belong to the Higgs branch 
of a A/" = 2 SU{n) SCFT and therefore this theory can have these Z2 monopoles. Finally, 
in Sec. 6 we discuss some possible dualities these Z2 monopoles can satisfy. 
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2 General properties of monopoles 

In this section we shall recall some of the principal results of Z„ monopoles and fix some 
conventions. For more details see p]. Let us start considering a Yang-Mills theory with 
gauge group G which we shall consider to be simple and simply connected. Let us also 
consider that the theory has a scalar field in a representation R{G) and 0o is a vacuum 
configuration which spontaneously breaks G to Go such that tt2{G/Go) is nontrivial, and 
therefore allows the existence of monopoles. Let us denot^ by g the algebra formed by 
the generators of G and Qq the generators of Gq. Note that in general, the elements of the 
Cartan subalgebra (CSA) of go do not necessarily belong to the CSA of g. Therefore, we 
shall denote by Hi and Ea respectively the CSA's generators and the step operators of g, 
and hi and /„ the corresponding generators of 5^0- We shall adopt the convention that in 
the Cartan- Weyl basis, the commutation relations read 

[H,,E^] = {aYE^, (1) 
2a- H 

[Ea,E_a\ = ^5 • 

a^ 

We shall denote by ai, i = 1, 2, r = lankg, the simple roots of g and Xi, i = 
1, 2, r, the fundamental weights of g. Moreover, we shall denote 

a. = ^, A, = ^, (2) 

the simple coroots and fundamental coweights respectively. They are, simple roots and 
fundamental weights of the dual algebra g"^ and satisfy the relations ■ AJ = a)^ ■ Xj = 6ij. 

The asymptotic condition Pj0 = for finite energy configurations implies that asymp- 
totically we can write 

cj>i9,^)=gi9,^)^o, (3) 

where 6 and ip are the angular spherical coordinates and g{6, ip) G G. Then, the asymptotic 
form of the magnetic field of the monopoles can be written as [1] 

B,{e,v) = ^g{e,^)co-hg{e,^)-' (4) 

where a; is a real vector called magnetic weight and hi belongs to the CSA of go- 

Note that when the gauge group G is broken by a scalar field in the adjoint represen- 
tation, the unbroken gauge group Go always have a U{1) factor generated by the scalar 
field vacuum solution $0 = (poaTa and we can define an Abelian magnetic charge for the 
monopole associated to this U{1) factor 

g = ^ ^ dS.Ti (5,$) = ^ ^ dS.Ti {B,g{9, ^)<^og{0, v)'') ■ 



•^We shall adopt the convention of using capital letters to denote Lie groups and lower letters for Lie 
algebras. 
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On the other hand, when is not in the adjoint representation, we can not define the 
above charge, but we can define magnetic charges associated to the CSA generators ha of 
the unbroken group Gq aqj 

ga=d) dSiTr {B,g{e, <^)M(^, <^)"') = —^a- (5) 

Therefore, these magnetic charges are proportional to the components of the magnetic 
weight associated to a monopole. 

Considering that Go is semisimple, it can be written as 

Gq = Gq/ K{Go) 

where Go is the universal covering group of Go and K{Gq) is the kernel of the homomor- 
phism Go — )■ Go- One can show that K{Go) is a discrete subgroup of the center of Go, 
which we will call Z(Go). Therefore, when Go is semisimple, the topological charge sectors 
of the theory are associated to 

vr2(G/Go) = 7ri(Go) = K(Go) C ZiGo). (6) 

Hence, t^2{G/Gq) is a cyclic group Z„, or product of cyclic groups, and the monopoles are 
called Zi„ monopoles. ^ 

Now, the center of a group Go is a discrete group isomorphic to the classes 

Z(Go) = {exp[27r2A,(Go^)./i],exp[27r?(A^(o)+A,(Go^))-/i],..., (7) 
...,exp[27r^ (Ar.(o)+Ar.(Go^))-/^]}, 

where Ar(Go ) is the root lattice of Gq , the dual group of Go, and the fundamental coweights 
■^7^9(0) associated to the notes of the extended Dynkin diagram of Go related to the node 
by a symmetry transformation, as explained in detail in [16]. The relation ([7j) is due to 
the fact that the quotient K^iG"^) / K^iG'^) can be represented by the cosets 

Ar(Go), A^(o) + Ar(Go), A^2(o) + Ar(Go), ... , A^„(o) + Ar(Go). (8) 

Since K{Gq) C Z(Go), the topological charge sectors ([6]) are associated to the elements of 
([7]) which are in the kernel of the homomorphism Go — )■ Go. 
The group element g{6,ip) must satisfy the relation [1] 

g (tt, 0)"^ gin, 2n) = Sp [27iiuj ■ h] E K{Gq) C Z(Go) (9) 

where e5q5 denotes the exponential mapping in Go- Hence, exp [27ria; • h] must be in one 
of the classes of ([7]) associated to K{Gq). Therefore, the magnetic weights u must be only 

^Remember that when we have a monopole solution, the unbroken group is not fixed but varies with 
the space direction within G by conjugation g{6, (p)Gog(9, (p)~^ [24] 
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in the cosets associated to the kernel K{Go) and the Z„ monopoles will be in the same 
topological sector if their associated magnetic weights u are in the same coset [6]. The 
coset Ar(Go) corresponds to the trivial element 1 of the group Z„ and monopoles with 
magnetic weights in this coset belongs to the trivial topological sector. Note that two Z„ 
monopoles in the same topological sector, i.e. they are associated to magnetic weights co^ 
and in the same coset, does not imply that they are the same monopole since they have 
different asymptotic magnetic fields (jl]), unless = u^. 



Let us now consider a generator 



_ /9 • ^ 



such that /3 is a vector that belongs to one of the cosets associated to K{Go), that is, /3 
can be a magnetic weight. Let us also consider that exist other two generators Tf , T2 ^ go 
which together with form an su{2) subalgebra 



ijk-l-k 1 



which we shall denote sm(2)/3. Since exp [27rz/3 ■ h] G K{Gq), then exp [27rzg/3 ■ h] G K{Gq) 
where g G Z. Therefore, g/3 is also in one of the cosets associated to K{Gq). Since we 
are interested in the study of fundamental monopoles, we shall consider solutions with 
spherically symmetric asymptotic forms. As in [6j, from these generators, we shall obtain 
explicit monopole asymptotic forms with spherical symmetry using a generalization of the 
construction in [1], writing the group element g{9,ip) as 

g{e, (p) = exp{-iipqT^) exp{-ieT^) exp{iipqT^), (10) 

which satisfy 

g (tt, 0)-^ gin, 2n) = Sp [2mq(3 ■ h] G K{Go). (11) 

Therefore, the monopole associated to this group element has magnetic weight u = 
Hence, for each integer q and sm(2)/3 subalgebra with satisfying condition (|9]), we can 
associate a Z„ monopole. A very important difference from the construction in fJ], is that 
in our construction the monopole topological sectors are associated to the cosets ([8]) and 
not to the integer q and therefore, monopoles associated to magnetic weights with same 
integer q are not necessarily in the same topological sector. As a consequence, from our 
generalized construction we obtain much more solutions. One can think the monopoles 
associated to an sm(2)^ and with |g| > 1 as superpositions of |g| monopoles with |g| = 1 
associated to the same sm(2)/3. Similarly to |4], we consider that a monopole associated 
to a su{2)i3 subalgebra with a negative integer —q is the antimonopole of the monopole 
with positive integer q and associated to the same sm(2)^. It is interesting to note that in 
particular, a Z2 monopoles and its antiparticle are in the same topological sector, but if one 
has magnetic weight g/3 the other has — g/3 and therefore they have different asymptotic 
magnetic fields (jl]). Hence, a Z2 monopoles is not its own antiparticle. 
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Using the identity, for i 7^ j, 

exp{iaTj)Tiexp{—iaTj) = (cosa)Tj + {sin a)eijkTk, 



(12) 



where Tj, i = 1,2,3 form an arbitrary su{2) subalgebra, we can rewrite the asymptotic 
form (jl]) for the magnetic field with u = q(3 and g{6, (p) given by ( fTOl) as 



T3 cos 6' + sin 6* I Tf cos q(p + sin q(p 



One can obtain this asymptotic form from the gauge field configuration |4] 



(13) 



with 



which gives 



lystring 



string 



= tyf = 0, 

qT^ (1 — cos I 
er sin 



(14) 



Vrr(^,<^) 

W^e(^,¥^) 



— (t^ cos — Tf sin g^j 

3r V 



er 
er L 



sin 6* — cos 6 i Tf cos g*/? + sin gyj 



(15a) 
(15b) 

(15c) 



3 Z2 monopoles in SU{n) Yang- Mills- Higgs theories 

Let us consider an Yang-Mills-Higgs theory with gauge group SU (n) and a scalar field 
in the direct product representation n®ri of SU{n). In order to exist Z2 monopoles, in [6] 
we found vacuum solutions 0o which break 



SU{n) -> 



Spin{n) 



(16) 



for n > 3, where Spin{n) is the covering group of SO{n) and associated to the algebra 
so{n). We considered two different vacua: for one vacuum, the unbroken so{n) is the 
subalgebra of su{n) invariant under Cartan automorphism and for the second vacuum, 
so{n) is the subalgebra invariant under outer automorphism and in this case n must be 
odd. In both cases, the kernel K{Go) = Z2 is associated to the cosets 



Ar{Spin{ny), X( + Ar{Spin{n) 



(17) 



where Ai is a fundamental weight of the so(n) subalgebra, using the convention of The 
first coset is associated to the trivial topological sector. As explained in detail in section 6 of 
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[6], if we consider two TLi monopoles with magnetic weights w'-^^ and w'-^^ belonging to the 
coset + Aj.{Spin{nY) and therefore belonging to the non-trivial topological sector, then 
the monopole composed by these two monopoles will have magnetic weight u^'^'^+u^^^ which 
belongs to Ar{Spin{ny) (since 2A^ G Ar(S'pm(n)^)) and hence to the trivial topological 
sector. It means that the Z2 monopole carries an additive magnetic charge, since it is 
proportional to its magnetic weight, and the Z2 topological charge of a monopole is related 
to the exponential of its magnetic weight by Eq. ([7]). 

Before to consider these two symmetry breakings, let us obtain some Lie algebra results 
for the n ® n representation, which will be useful in the next sections. Let us denote by 
\ei), Z = 1,2, ...,?7,, the weight states of the n-dimensional representation of su{n). In this 
representation, the generators of su{n) can be written in terms of the n x n matrices Eij 
with components {Eij)^^ = 6ikSji or 

E,, |e,) = |e,) . (18) 

In this case, the basis elements of the CSA of su{n) correspond to the traceless combinations 
Eii—Ei+i^i+i, for i = 1,2, n— 1. The generator E^j, i ^ j, is the step operator associated 
to the root Cj — ej, where Cj is an orthonormal vector in the n-dimensional vector space. 

In the representation n®n, the weight states are |ej) ® \ej) , i,j = 1,2, ...,n and the 
generators can be written as 

E,j = Eij + Eij. 
In this representation, for a root f3 = Ci — Cj of su{n), we can associate a S'u(2)/3 subalgebra 

= ^ = ^ (E,, - E,,-) , 
Tf = ^^±^ = i(E.,+E,.), (19) 
T,' = ^ = - (E., - E,,) . 

Adopting the notation = |ej) \ej), we can define the weight states 

where |0)^ ■ is eigenvector of Tf with vanishing eigenvalue and one can check 

Tf\0)p,j = tJ2^vk\0)p,k. (21) 
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Remembering that for an arbitrary Lie algebra, a weight state |Tj) of the adjoint represen- 
tation is associated to a generator Tj through the relation 

Ti\Tj) =i^fij^\Tk) = I [Ti,Tj]), 

k 

where fijk are the structure constants of the algebra. Therefore, from Eq. ( |2T]) we can 
conclude that the weight states fl20l) form an adjoint or triplet representation of the sm(2)^ 
subalgebra f[T9|) and we can associate |0)/3j to . 



3.1 so(2m + 1) invariant under outer automorphism 



Let us consider first the case where so{2m + 1) is the invariant subalgebra of su{2m + 1) 
under outer automorphism. In this case, the CSA of so{2m + 1) is inside the CSA of 
su(2m + l) as explained in detail in [6]. The vacuum configuration which breaks su{2m + l) 
to this so{2m + 1) subalgebra is [6] 



2m+l 



-l)'+^|/,2m + 2-0 



(22) 



1=1 



where u is a real constant. 

Let us now analyze the possible Z2 monopole solutions of the theory. Since for the 
moment we are interested in the so-called fundamental monopoles, we shall consider that 
g = 1. The monopoles associated to the non-trivial topological sector must have magnetic 
weights /3 in the coset XI + Kr{Spin{nY). This condition is written in terms of coweights 
and coroots of the subalgebra so{2m + 1). We showed that this condition can be written 
in terms of roots of su{2m + 1) as 



/3e 



m—l 



\m+l~i) 



i=l 



+ (2cm + 1) (a^ + am+i) 



(23) 



where Cj are arbitrary integers and ctj are simple roots of su{2m + 1). On the other hand, 
the monopoles associated to the trivial topological sector must have magnetic weights /3 in 
the coset Ar{Spin{nY). This condition can be written in terms of roots of su{2m + 1) as 



/3g 



m—l 



Ci {ai + a2m+i- 



-\- 2Cfn (ttrrt ~l~ CX.m+1 / 



(24) 



with Ci being integers. Therefore, /3 can only be in the particular subspace of {SU (2m + 1)) 
which is the union of the subspaces given by conditions ( l23l) and ( !24l) . In order to construct 
su{2)p subalgebras, we consider that /3 is a root of su{2m + l) in this subspace. In this case, 
we can consider a su{2)jj subalgebra of the form of (fT9!) which satisfies all the properties 
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discussed before. The only roots of su{2m + 1) which satisfy condition (123!) of being in the 
non-trivial sector, are ^ 

± {ap + ap+i + . . . + a2m+i-p) , p = 1, 2, . . . , m. (25) 

On the other hand, there is no root of su{2m + 1) which satisfy condition ([23]). We con- 
structed other su{2)i3 subalgebras associated to other elements in the cosets ( fTTl) . However, 
in all the cases we found, the generators were always linear combination of the generators 
of (fT9|) . Therefore, we called fundamental Z2 monopoles, the monopoles associated to the 
su{2)j3^ subalgebras (fTOll with (3 being one of the 2m roots (p5l) . similarly to the nomen- 
clature used in [lOj for the Z-monopoles. All these fundamental monopoles are in the 
non-trivial topological sector. These 2m roots can be written as the weights of the 2m- 
dimensional defining representation of so(2m -|- 1)"^ = sp{2m). Therefore, we can say that 
the fundamental Z2 monopoles are associated to this representation. 

Using the fact that the simple roots of su{2m + 1) can be written as Up = Cp — e^+i, we 
can write these 2m roots, or magnetic weights, as 



Pp — Cp — e2m+2-p 







E - 


^2m+2-p,2m+2-p) ■, 




1 




-2-p + ^2m+2~p,p) , 




2 ' 




-^2 


1 

2i 


(Ep,2m 


+2-P — ^2m+2-p,p) 



for p = 1, 2, . . . , m, m + 2, m -f 3, . . . , 2m + 1. We can write the generators of the sm(2)/ 
subalgebra ffTOl) associated to /3p in the n®n representation as 



(26) 



and the corresponding weight vectors 

|0)p,i = (-l)^+i-^(|2m + 2-p,2m + 2-p)-b,p)), 

|0)p,2 = (-l)^+^-^(|2m + 2-p,2m + 2-p) + |p,p)), (27) 

|0)p,3 = (-l)^+^-^(b,2m + 2-p) + |2m + 2-p,p)), 

which are in the adjoint representation of the su{2)p^ subalgebra fl26|) and satisfy fl2Tl) . 
We can write the vacuum configuration ( !22|) as 



00= |0)p,0 + ^|0)p,3, (2J 

where 

ln\ „ = 

V2 



l^p,2m+2-p 
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is a singlet of su{2)i3^. Note that the n®n representation decompose into a direct sum of 
irreducible representations of s-u(2)/3p, and since T^^cj)^ = 0, 0o must be a linear combination 
of weights with zero eigenvalues, which necessarily belong to odd dimension irreducible 
representations of su{2)p^. 

From relation (|2T]) . it follows that, for i ^ j., 

exp (iaT^^"^ |0)pj = cosa|0)pj - sina ^ eijfc|0)p,fc, 

k 

where a is an arbitrary constant. Hence, acting with the group element ffTOj) on |0)p_3 we 
obtain 

5((6',v3)|0)p,3 = cos6'|0)p,3 + sin6'{cosg(y9|0)p,i + singv5|0)p,2} 

and therefore, the asymptotic form ([3]) for the scalar field of the Z2 monopole can be written 

as 

(j)(^q){d,ip) = |0)p,o + V {cos 6*10)^,3 + sin6' [cosgv5|0)p,i + sin gv9|0)p,2]} • (29) 
In particular, for g = 1 we get 

3 



a=l 



which has the same form of hedgehog as the Z monopoles. 

From the above asymptotic form, we can propose for the scalar field the ansatz 



where 



0(g) (r, 6, ip) = (f)sing + 4>{q) {t, 9, ip)trip, (30) 

4>sing = |0)p,0, (31a) 
3 

<l>{q){r,0,ip)trip = ^^(g){r,e,ip)a\0)p,a, (31b) 
a=l 

(r, 9, ip)a = f{r)v (sin 6 cos gy?, sin 6 sin q^p, cos 6) , (31c) 

with /(r) been a real function such that f{r^ oo) = 1 and /(r = 0) = 0, in order to 
avoid a singularity at the origin. 

As usual for the adjoint representation, using the association |0)^j- to TI^, we can define 
the scalar field taking values in the algebra 

3 

$(,)(r,^,¥,) = ^$(,)(r,0,¥,),Ti^^ (32) 

a=l 

Then, using the property that group elements R{g)ij in the adjoint representation satisfy 

TiR{g)ij = gTjg-^, 
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and the fact that (f)(q){r,9,ip)trip = vf{r)g{6,ip)\Q)p^^ , we obtain that 

<l>(,)(r,^,^) = f{r)vg{e,^)T^^g{e,^)-\ (33) 
We can construct the so-called non-fundamental monopoles from the su{2)p subalgebras 

-^3 ~ 2-^ 'h-^ 3 ; 

P 

rj^n^Pv ^ ^npT^\ (34) 

p 

rpTlpfip \ ^ rpPp 



where rip = 0, 1 and the summation is over either to positive or negative roots. Then, the 
corresponding triplet vectors are 



|0)i 


p 




|0)2 


= ^np|0)p,2, 

p 


(35) 


|0)3 


= ^np|0)p,3, 





p 

and the singlet is 

\0)o = h + vY,^p\0)p,^- (36) 

p 

For non-fundamental monopoles associated to these s-u(2)^ subalgebras, we arrive in the 
same field configurations fl30|) . 

It is interesting to note that, since /3p-(3q = 2(5p^g[6], the generators T^^, p = 1, 2, morm+ 
2, 2m + 1; z = 1, 2, 3 satisfy 



Tr (rf^Tj^^) = ^5,,5p„ (37) 



where A is the Dynkin index of the representation. Therefore, the generators T^'' form a 
subset of the basis of orthogonal generators of su{2m + 1). 

3.2 so{n) invariant under Cartan automorphism 

Let us now consider the case where the algebra su{n) is broken to the subalgebra so{n) 
which is invariant under Cartan automorphism. In this case, the vacuum configuration 
which produces this symmetry breaking is 
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We must consider the cases n = 2m and n = 2m + 1 separately. A basis for the CSA of 
these subalgebras so{2m) or so{2m + 1), which have rank m, is given by the generators 

hk = -i{Ea^- E_a^) , k = l,2,...,m, (39) 

where Ea^ are generators of su{n). In |6j, it was constructed the asymptotic form for the 
fundamental Z2 monopoles in this case. Their magnetic weights Pp are the weights of the 
defining representation of the dual algebra so{nY . We know that so(2m)^ = so{2m) and 
so{2m + 1)"^ = sp{2m), and the 2m weights of the defining representation of so{2m) and 
sp{2m) can be written in the basis of orthonormal vectors as 

±(3p = ±ep, p = 1, 2, . . . , m. 

For each weight, we can associate a 5^(2)^^ subalgebra [f] 

Tf^" = ±^a2p-i-H, (40) 

where is a simple roots of su{n) for n = 2m, 2m + 1. 

In order to construct the ansatz, we proceed in the same way as in the previous case. 
In the n^n representation, these generators can be written as 

^3 — (IE2p_i,2p ^2p,2p-l) , 

Ti = ±- (IE2p-l,2p-l ~ ^2p,2p) , 

T^^^ = - (E2p_i,2p + ^2p,2p-l) ■ 

The corresponding triplet or adjoint representation weight states are 

|0)p,i = ^(|2p-l,2p) + |2p,2p-l)), 

|0)p,2 = ^i\2p,2p)-\2p-l,2p-l)), (41) 
|0)p,3 = -^(|2p-l,2p-l) + |2p,2p)). 
Then, the vacuum configuration fl38l) can be written as 

00 = |0)p,0 + ^^|0)p,3, 



^For these generators we changed sign conventions with respect to [6]. 
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where ^ 

^ k^2p-l,2p 

is a singlet of sm(2)^ . In order to obtain the fundamental monopoles associated to these 
su{2)i3^ subalgebra, we can repeat all the steps of the previous subsection and arrive in the 
monopole ansatz fl30l) or fl32|) with Tf^ given by fHOj) . 

Similarly to the previous case, we can associate non-fundamental monopoles to the 
su{2)i3 subalgebras [6] 

p 

ri.±npPp ^ J^ripT^^", (42) 

p 

rpinp/3p \ ^ rpil3p 

±2 — 2_^ILpl2 

P 

where Up = 0, 1, and the summation is over either to positive or negative roots. Then, the 
corresponding triplet and singlet vectors have the same form of Eq.( l43|) and Eq.( l36|) with 
|0)p,, given by 

Like in the previous case, the generators T^^, p = l, 2, ...,m;z = l, 2, 3 satisfy the 



orthogonality condition fl371) and therefore they form a subset of the basis of orthogonal 
generators of su{n) with n = 2m or 2m + 1 . 

Therefore, for both symmetry breakings we can conclude that for any of the previous 
su{2)p subalgebras and arbitrary integer q satisfying (fTT]) . (I)(^q^{r,6,ip) can be written as a 
sum of a singlet (which is constant) and a triplet of this 5^(2)^. Moreover we can associated 
to this triplet, a scalar field taking values in the su{2)p 

$(,)(r,^,^) = f{r)vg{e,^)Ti^g{e,^r\ (43) 

for the fundamental monopoles and 

$(,)(r,^,^) = f{r)vg{e,^)Tig{e,^)-\ (44) 

for the non-fundamental ones, where /(r — )■ oo) = 1 and /(r = 0) = 0. 

We have seen in both symmetry breakings that for each sm(2)^ subalgebra with gener- 
ators Tf we can use to construct monopole solutions, there is another s-u(2)_/3 subalgebra 
with generators T''^. Hence we can construct monopoles with same magnetic weight u 
considering either g > and /3 < or g < and (3 > 0. For instance, for algebra S'f/(2)_^ 
with generators and g = +1 we have 

Bl'^\e,ip) = ^ -Tg^cos^ + sin^ (^rf cos(/? + r2^sin(/?) 
$(+)(6',(p) = V —T^ cos 6 + sin 9 cos (f + T2 simp 
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while for algebra SU{2)p with generators and q 
invariant under outer automorphism, 



-1 we get, for the case that so{n) is 



B 



(-), 



, (^) = — - — T3 COS 6' + sin 6^ ( — Tf^ cos + T2 sin 



cos 6^ + sin 6' ( Tf cos (p — T2 sin 



where we have used that T3 ^ 



-^3 ' 



T- 



- Tf and Tg"'^ = —T^. This suggests the 
solution obtained from the subalgebra su(2)_^ is not the anti-monopole for the one obtained 
from su{2)i3. The same result is valid for so{n) invariant under Cartan automorphism, but 



in these case T, 



-/3 



-Tf and 



-T and the asymptotic fields and 



$(_) will have a different form. Therefore the set of fundamental Z2 monopoles with q = 1 
together with the set of fundamental monopoles with q = —1 have a behavior analogous to 
particles in two complex conjugated representations, like the and N of SU{N), where 
the anti-particle of a particle in a multiplet is not in the same multiplet but in the complex 
conjugate representation. 



4 BPS Z2 monopoles 

Let us analyze now the BPS Z2 monopoles for this theorj|§. In it is given a general 
procedure to obtain the BPS bound for Z„ monopoles. However, let us consider a similar 
but different procedure for our ansatz. For both symmetry breakings, the gauge field takes 
values in a subalgebra su(2)^ and (j){r,9,(p) can be written as a sum of a singlet (which 
is constant) and a triplet of this su(2)^ subalgebra. Hence, the action of the covariant 
derivative on the scalar field gives 

and then, 

3 

a=l 

where in the last equality we used the fact that in our ansatz $a is real. Therefore, we 
obtain that the mass of a static Z2 monopole associated to a magnetic weight /3p and 

^For simplicity let us abolish the subscript (g) for both the scalar and the magnetic field. 
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arbitrary g, for any of the two symmetry breakings, satisfies 



r ^ 

f qXi 2 4'7r 47r 

= ± / V — rct Si = ± — qv = — \q\v, (45) 
Js2^ er^ e e 

where we used the plus or minus sign depending if q is positive or negative, respectively, 
since the integral in the first line is greater than zero and in the last line we used the field 
configurations f|T3l) and fl3T|) . Notice that we can obtain the same result using that 



V — 

a=l 



where the above trace is in the triplet of su{2)i3^ subalgebra and using equations (j4]) and 
(H3|) . In this case the group elements g{6,ip) cancel and therefore this bound is valid for 
more general configurations constructed using group elements g{9, ip) satisfying 



g{Tr,0) ^ g{TT,2Tc) = exp 



other than ffTOj) . 

Therefore, the masses of the fundamental BPS Z2 monopole with q = ±1 are 



= ^, (46) 



and they satisfy 



K = 0, (47a) 

(©"$)„ = 0, (47b) 

B: = ±{V'^)a, (47c) 

V{<P) = 0, (47d) 

where a = 1,2,3 are associated to the three generators of the 5^(2)^^^ subalgebra and the 
fields associated to the other generators vanishes. From the expression f H6|) . we can see that 
it does not depend on and therefore all fundamental BPS Z2 monopoles have the same 
mass. Since the fields take values only in the sm(2)^ subalgebra and these BPS equations 
are the same as in the theory with gauge group SU{2), it is easy to check that these 
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equations are consistent with the equations of motion. Moreover, from these equations, as 
for the BPS 't Hooft-Polyakov monopole|18j. we obtain that 

/(r) = cothp-^, 

(i(t^ = 1 — — , 

sinh p ' 

where p = erv. 

For the non-fundamental monopoles associated to the su{2)p subalgebra f p4|) or f l42|) 
the asymptotic form of the fields are 

p 

p 

where B^^ and are asymptotic forms of the fields of the fundamental monopoles asso- 
ciated to the su{2)j3^ subalgebras with g = 1. Therefore, remembering that = 0, 1, we 
obtain that the BPS limit for the non-fundamental monopoles is 

M= — Iglwy^rip, (48) 

e 

p 

which is consistent with the interpretation that the non-fundamental monopoles should be 
multimonopoles composed of non-interacting fundamental monopoles, similarly to what 
happens for the Z monopoles [TO] . 



5 Z2 monopoles at the Higgs branch oi Af = 2' SCFTs 

As it is well known, there exist some supersymmetric theories with Z monopoles and 
vanishing /3 function, like A/" = 4 super Yang-Mills theories, where exact electromagnetic 
duality is expected to be valid. Let us now analyze a supersymmetric theory with vanishing 
P function and with Z2 monopoles. Let us then consider M = 2 SU{n) super Yang-Mills 
theories with a hypermultiplet in the n ® n representation, which we will call J\f = 2' 
SCFTs. For M = 2 super Yang-Mills, the perturbative beta function is 

where Xi is the Dynkin index of the hypermultiplets' representations and hy is the dual 
Coxeter number of the gauge group. For G = SU{n), = n and x{n ®n)=n since for a 
representation Ri ® R2 

x{Ri (g) R2) = d{Ri)x{R2) + d{R2)x{Ri), 
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where d{R) is the dimension of the representation R and for the representation n , x = 1/2. 
Therefore, M = 2' SCFTs have /3(e) = 0. We shall show that its potential accept the vacua 
solutions discussed in the previous sections and therefore there can exist Z,2 monopoles. 
The action of the bosonic sector oi M = 2 sector of super Yang-Mills with a hypermultiplet 
can be written as 



S 



d X, 



(50) 



where is a scalar field in the adjoint representation, 



a 



1,2, are complex scalar 



fields in an arbitrary representation, and cx^, p = 1,2,3 are Pauli matrices. The potential 
can be written as [201 : 



V 



(51) 

where is a mass parameter which we will show that must vanish in order to the con- 
figuration given by Eq. f l22|) to be a vacuum of the theory. We can rewrite the potential 

as 

(52) 



where 



D, = U,Sl%f,,,S,)^dl 



Fi = e 

F2 



V e 



(53a) 
(53b) 
(53c) 
(53d) 



5.1 Non-Abelian Coulomb phase 

In order to produce the gauge symmetry breaking SU{n) — )■ Spin{n) /7j2, which corresponds 
to so-called non-Abelian Coulomb phase, we shall consider the configuration 

(f'lvac = 00; 

02mc = 0, (54) 
Svac , 

where 0o is one of the two vacua solutions analyzed in the previous sections. These vacua 
are in the Higgs branch which does not receive quantum corrections and the beta function 
does not receive non-perturbative corrections [15]. We shall first consider the case of 
symmetry breaking su{2m + 1) — > so{2m + 1) where so{2m + 1) is invariant under outer 
automorphism. Therefore, we consider that 0o is given by ( 122|) . Since we shall consider 
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solutions with 02 = 0, we shall use and F to denote 0i e Fi, respectively. From Eq. (l52|) 
we conclude that in order to = 0, we must have that 



2 



(55a) 



5^(0tT,0)T, + [5,5t] 

[S^ _ ^ j = 0. (55b) 
We can write 

5^(0tT,0)T, = 5^(0t/7,0)if, + 1 5^a2^0tE„0)E_,. (56) 



F = e 

e . 



2 

Using the fact that the weight state \ep) of the (2m + l)-dimensional representation of 
su{2m + 1) has weight 

^ 2m+l 

= ~ ^ 

and (cpl Cq) = 5pg, we obtain that 

^(/, 2m + 2 - l\Hi \p, 2m + 2-p)Hi = {ui + U2m+2-i) ■ H6ip, 

i 

and therefore 

2m+l 

J2i<PlacH^<Pl.ac)H, = \v\^ ^ (_ 1 )'+!(_ 1)^+1 2m + 2 - 2m + 2 - 

2m+l 

= |fp ^ 2u;i-i/ = 0, 



1=1 



where we used the fact that ui = for the (2m + l)-dimensional representation of the 
algebra su{2m + 1). On the other hand, for the step operators we have: 

{l,2m + 2-l\E^\p,2m + 2-p)Ea = i{ei\ E^lep) {e2m+2-i\e2m+2~p) + 

+ {ei\ep) {e2ra+2-i\E 

a\(^2m+2—p 

and therefore 

^ a^(0|^„^K01mc)^-a = (57) 

Therefore, we can conclude that the above configuration satisfies Eq.f l55ap . It also satisfies 
(I55bp if we consider /i = and therefore it is a vacuum of the theory. 

For the case of the breaking of su{n) to so{n) invariant under Cartan automorphism, one 
can perform similar calculations using 0o given by f p8|) and verify that it is also a vacuum 
of this theory. Hence, the Z2 monopoles analyzed in the previous sections can exist in this 
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phase of this theory. Note that there will be Z2 monopoles associated to certain points 
on the Higgs branch, differently from the Z monopoles of the Coulomb branch where the 
gauge symmetry is generically broken to the maximal torus U{1Y{ot to K x U{1) in some 
specific points) and there are Z monopoles/dyons everywhere on the Coulomb branch. 

It is interesting to note that, from the Af = 2 supersymmetric variation of the spinoral 
fields, it is easy to see that the BPS equations for the Z2 monopoles does not result on 
vanishing of any supercharges. This result indicate that, even satisfying the first order 
BPS equations fH7|) . the BPS Z2 monopoles are in a long M = 2 massive supermultiplet 
and in principle their masses can receive quantum corrections. It is good to remember that 
in this phase where the gauge symmetry breaking is produced by a scalar which is not in 
the vector supermultiplet, the gauge fields which become massive will also belong to a long 
supermultiplet. The reason is that in this phase the scalar field is in the hypermultiplet 
and is "absorbed" by the gauge fields via Higgs mechanism in order to form a massive su- 
permultiplet. Therefore, the M = 2 massive vector supermultiplet will be the combination 
of a massless vector supermutiplet with a massless hypermultiplet. Note also that in this 
phase, the electric and magnetic charges. 



which appear as central charges, vanish since the scalar field S in the adjoint representation 
vanishes asymptotically in this phase. 

5.2 Abelian Coulomb phase 

Let us now show that in this theory we can also have the symmetry breaking sequence 



which is the Abelian Coulomb phase. In this phase, there can exist Z2 monopoles and 
Z monopoles as discussed in [211 H]- Note that this theory can also have an alternative 
symmetry breaking (Higgs phase) with confinement of Z monopoles by Z2 strings [Ul [19]. 
Differently from the non-Abelian Coulomb phase, in this phase the vacuum moduli space 
can receive quantum corrections. For this symmetry breaking, we shall only consider the 
case where the subalgebra so{2m + 1) is invariant under outer automorphism. Therefore, 
we shall consider that (pivac = <Po is given by ( l22|) and (p2vac = 0. We shall also consider 
that Svac = u ■ H with 
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12 



2m 
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where a is a non- vanishing real constant and S is the Weyl vector of su{2m + 1). 

Since [S'^.^c, = O5 imphes that this new configuration also satisfies Eq. f l55ap . 
We now must show that this configuration is also solution of (I55bl) . Substituting ( !54ll in 
( I55bl) we obtain 

{2m+l 
1=1 

In order to F = 0, we must have that 

u- {uji + U2m+2-i) = ^ for / = 1, 2, ... 2m + 1. 

It is easy to show that, for u given by ( l58l) . the LHS of this equation vanishes for any /. 
Therefore, if we once more take /i = 0, ( !54l) with u given by ( l58l) is a vacuum solution. 



/i- 



|/,2m + 2-/) 



6 Discussion on duality conjectures 

In order to establish the possible dualities these Z2 monopoles may satisfy, one must 
determine the gauge multiplet the fundamental monopoles fill, by doing for example semi- 
classical quantization. For this theory that procedure is not simple, since the unbroken 
gauge group is non-Abelian, which result on non-normalizable zero-modes and we will 
leave for a future work|10j. Let us therefore discuss some possible dualities the BPS Z2 
monopoles may satisfy based on the results we obtained so far. The particles dual to 
the BPS Z2 monopoles must be in a representation with same weights as the magnetic 
weights of the Z2 monopoles. We have seen that, at the classical level, for a breaking 
SU{n) — )■ Spin{n) /'L21 each fundamental Z2 monopole is associated to a weight of the 
defining representation of so{nY and all of them have the same classical mass M^^ = Anv/e 
in the BPS case. Let us consider for simplicity the even case, n = 2m, where so(2m) must be 
an invariant subalgebra of su{2m) under Cartan involution. In this case so(2m)^ = so(2m) 
and the defining representation has dimension 2m. Therefore, there are 2m fundamental Z2 
monopoles. Let us consider that the dual theory has the same symmetry breaking pattern 

SU(2„r) 'J^, (59) 

£,2 

with same vacuum fl38|) and also with Z2 monopoles. For this symmetry breaking we have 
the branchings 

su{2m) — )■ so{2m) 
(1,0,...,0,0),„ ^ (l,0,...,0),o , 
(1,0,...,0,1),„ ^ (0,l,0,...,0),<,+ (2,0,...,0),o 
(2,0,...,0,0),„ ^ (2,0,...,0),o + (0,0,...,0) 



so ; 
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where (1, 0, ... , 0, 0)s„ is the representation 2m of su{2m), (1,0,..., 0, l)su corresponds to 
the adjoint representation of su(2m) and the massive gauge fields are in the representation 
(2, 0, 0)so of so{2m). Since the Z2 monopoles can also be associated to roots of the 
"broken" generators of su{2m), we could think to associate these monopoles with particles 
in the adjoint representation, similarly to the Montonen-Olive case. Moreover, like for the 
fundamental BPS Z2 monopoles, these massive gauge particles have the same mass equal 
to [6] 

mw = ev, 

for the symmetry breaking caused by the vacuum configuration fl38|) . Furthermore, in the 
M = 2' SCFT in the non-Abelian Coulomb phase, they are in a long supermultiplet like 
the Z2 monopoles as we explained in the last section. On the other hand the massive 
gauge particle are associated to the weights of (2, 0, 0)so which are not in the coset 
Ai + Afj{Spin{2m)) where are the magnetic weights of the fundamental Z2 monopoles in 
the dual theory. However, in principle the multiplet of the Z2 monopoles may change at 
the quantum level. 

If by semi-classical analysis the fundamental monopoles remain in the 2m representa- 
tion, they can not be dual to gauge particles but, if we consider a different supersymmetric 
theory, from the above branchings, the Z2 monopoles could be dual to particles in the 2m 
of su{2m) since their weights with respect to the unbroken so{2m) are exactly equal to 
the magnetic weights of the fundamental monopoles. If we consider that Z2 monopoles are 
dual to particles in a supermultiplet containing spinors and if the mass of these spinors are 
due to the vacuum solution of the scalar G 2m ® 2m, we should consider chiral spinors 
ipL € 2m, ipji G 2m (and therefore ipR G 2m ) of su{2m). Then, if 

2m 

= 0pjep) (g) |eq) , 

p,q=l 
2m 

p=l 
2m 

i^R = ^i^RpK). 
p=l 

the theory can have the Yukawa term 

A' {i'Lpi'Rq4>pq + h.C.) 

where A' is a coupling constant in the dual theory. With the vacuum solution fl38|) with 
constant v', all spinors become massive with the same classical mass equal to 

m^ = X'v'. 

If we consider X' = An/e and v' = v, we obtain exactly the classical masses of the funda- 
mental BPS Z2 monopoles of the original theory. In this case, the fundamental BPS Z2 
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monopoles (with q = 1) could be dual to ipL £ 2m and their anti-monopoles (with g = — 1) 
to ipR E 2m. That would be consistent with the property discussed in the end of section 3 
that the set of fundamental Z2 monopoles with q = 1 together with the set of fundamental 
monopoles with g = — 1 have a behavior analogous to particles in two complex conjugated 
representations. It is interesting the fact that the symmetry breaking by a scalar in 
the representation 2m ® 2m which gives rise to the Z2 monopoles and also gives mass 
to spinors in the 2m of SU{2m). Note that a theory with this field content can not be 
embedded in the M = 2 super Yang-Mills theory, like the one discussed in the previous 
section, since ipR and ipi are in different representations. However, it can be embedded 
for example in a = 1 super Yang-Mills theory. In |22] it is also considered a duality 
between Z2 monopoles and spinors in M = 1 super Yang-Mills theory but in this case if 
one theory has gauge group SU{N) with Np flavors, the dual theory would have gauge 
group SU{Np — N + 4) similarly to Seiberg duality (23]. 

7 Conclusions 

In this work we constructed explicitly BPS Z2 monopole solutions in theories with the 
gauge group SU{n) broken to Spin{n)/Z2 using two different vacua of a scalar field in 
the n ® n representation. Each Z2 monopole is associated to a su{2) subalgebra and an 
integer q. The magnetic weights of the so-called fundamental Z2 monopoles correspond to 
the weights of the defining representation of the dual algebra so{nY . We calculated the 
masses for the BPS monopoles and obtained that the fundamental BPS Z2 monopoles have 
same masses and equal to 47rf/e, where v is the norm of the Higgs vacuum. On the other 
hand, the masses of the non-fundamental Z2 monopoles are the sum of the masses of the 
constituent fundamental monopoles. This result is consistent with the interpretation that 
the non-fundamental monopoles should be multimonopoles composed of non-interacting 
fundamental monopoles, in the BPS case, similarly to what happens for the Z monopoles. 
We showed that the potential of A/" = 2 SU{n) super Yang-Mills theories with a hyper- 
multiplet in the n ® n representation, which has vanishing (5 function, accept the vacua 
solutions which breaks the gauge group SU{n) to Spiniji) /'L2 ■ These vacua correspond 
to certain points of the Higgs branch where the Z2 monopoles can exist. It is interesting 
to note that the BPS equations for the Z2 monopoles does not result on vanishing of any 
supercharges. Therefore, even the BPS Z2 monopoles satisfying first order BPS equations, 
they are in long M = 2 massive supermultiplets, like the massive gauge fields in this theory. 
We discussed some possible duahties the Z2 monopoles may satisfy. 
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